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ABSTRACT. This work is concerned with the numerical approximation of a two fluid-two pressure
diphasic model. This model can be seen as two Euler systems coupled by a contact discontinuity.
On the basis of a relaxation approach, we propose an approximate Riemann solver that captures
exactly these contact discontinuities, is conservative for the mass of each phase and the total
momentum, and obeys a L*-stability property.
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1. The mathematical model and some basic properties

In recent years, the modelling and computation of two-phase flows by means of a
two fluid-two pressure system has gained interest. In this work, we are interested in
the numerical approximation of this system which reads, in one space dimension and
in the absence of source terms,

O +usdza1 =0,

Or(a1p1) + Oz(a1prur) =0,

O (arprur) + Oz (1 prud + aupi(pr)) — prdzan =0, (1]
O¢(aap2) + Oz (a2pouz) =0,

Or(apaug) + Oz (azpau3 + aopa(p2)) — prowas =0,



fort > 0 and x € R. The main unknowns ay, pr and uy represent the volume
fraction, the density and the velocity of the phase £ = 1,2 and we have oy + ais = 1.
These are expected to belong to the following phase space

Q= {u= (a1,01p1,a1p1U1, A2p2, 2pauz)’ € R such that
ar+ay=1, ap >0and p; >0 for k=1,2}.

The pressure laws py, k = 1,2 are given smooth functions such that p (px) > 0,
lim,, o pr(px) = 0 and lim,, o pr(px) = +o00. In order to close this system, we
set the interfacial velocity u; and pressure p; to be

ur =uz, pr =pi(p1) - [2]

This choice was first proposed in [BAE 86] and we refer the reader to [GAL 04] for a
comprehensive study of more general closure laws. The self-similar solutions of this
system are studied in [EMB 92]. The first consequence of [2] is that the void fraction
is transported by a pure contact discontinuity. More precisely, it is proved that system
[1] admits the following five real eigenvalues

A =1u2, A =up—c1, Ad=ui+ci, A3=uz—c2, A=us+co, [3]

with a linearly degenerate characteristic field associated with g (the characteristic
fields associated with {A;};—1, . 4 are genuinely nonlinear). The sound speeds are
given by ¢, = /p}.(pr), k = 1,2. It is worth noticing that system [1] is not always
hyperbolic. When uy = wuj =+ cg, the corresponding right eigenvectors matrix is no
longer diagonalizable and the system becomes resonant. This point is known to gener-
ate important difficulties like ill-posedness but will not be addressed here. In fact, we
are mainly interested in subsonic flows so that the restriction ug # ur + ¢, k = 1,2
will be always satisfied in practice.

Then, the particular choice [2] allows to give sense to the system even if it can not be
written in a conservative form, as it was shown in [COQ 02]. Indeed, the linear degen-
eracy property makes the nonconservative products w0,y and p;d,«ay locally well
defined by finding four A\g-Riemann invariants whose gradients are linearly indepen-
dent. Classical considerations lead to the following parametrisation of the so-called
admissible \g-contact discontinuities.

Let us note k4 the enthalpy of the phase 1 defined as hq(p1) = e1(p1) + &’1’1), where

p
the internal energy e; verifies €} (p1) = %%’1).

Theorem 1 Let u_ and uy be two constant states in . These states can be joined
by an admissible \y-contact discontinuity if and only if the jump relations

U2 = U2— = U24 ,
m = o1_p1—(u1- —uz) = a1 pr4(ury — uz2),
mui— + a1-p1(p1-) + az—p2(p2-) = muy + a14p1(p1+) + a24p2(p2+) 5

m2 m
5 +thi(pi-) = 55— +hi(p1y),
203_pi_ 207, p1,

(4]
hold true. The speed of propagation of the discontinuity is given by us.



2. Relaxation approximation

The aim of this section is to propose a suitable relaxation approximation of sys-
tem [1]. For that, we start from the principle that most of the difficulties arising in
the (attempt of) resolution of system [1] are closely related to the nonlinearities of the
pressure laws p — pg(px). In the spirit of [JIN 95], [GOD 00], [CHA 05], we then
consider an enlarged system with two additional scalar unknown quantities associated
with two linearizations II; of the pressure laws p. The point is to modify the pressure
laws in the convective part of [1] in order to get a quasilinear enlarged system, and to
move the nonlinearities in a stiff relaxation term. This relaxation procedure is based
on the idea that solutions of the original system [1] are the limit of the solutions of
the proposed enlarged system with relaxation source term in the regime of an infinite
relaxation coefficient (see for instance [CHA ]).

As a relaxation approximation, we propose the following system of balance laws:

&gal + ulamal =0 s

O(aip1) + Ox(1pru) =0,

O (arprur) + O0x(crpruf + anlly) — ;9,01 =0,

Ot(aap2) + Oz (aapaus) =0, fort >0, zeR [5]
at(OéQIDQ’U,Q) + az(agpgu% + OéQHQ) — H]amaz = O 5

0Ty +us0, Ty = N1 —Th)

0Ty +u10, Ty = N2 — T2)

for some positive relaxation parameter A > 0. Here, 7}, and II; can be understood
as relaxation variables associated with the specific volume 73, = 1/py, and the pressure
P, and we set

I, :pk(]-/,];c) +ai(77c _Tk) y k=12,

for some constants ay, precised just below. These relaxation quantities 7y, and IIj are
expected to converge towards the corresponding equilibrium ones 75 and py in the
regime of an infinite relaxation rate A (A — +00). However, for that to be true and in
order to prevent the relaxation system [5] from instabilities in the regime of large val-
ues of A (A > 1), the free parameters aj, must be such that ay, > prcx(pr) , k= 1,2,
for all the p;, under consideration. This condition is the so-called Whitham condition
(see for instance [CHA 05] and the recent large literature on this subject).

Of course, the proposed interfacial velocity u; and pressure II; are naturally defined
by uy = ug, HI = Hl.

The main interest of this relaxation system lies in the fact that the first order system
extracted from [5] admits the following five real eigenvalues

6:u2a
Al =w —a1m1, Ay =u1 +a17 , (6]
)\QIUQ*G,QTQ, )\ZZU2+Q2TQ,

whose associated characteristic fields are all linearly degenerate (the speeds A}, k =
1, ...,4 are nothing but linearizations of \g, £ = 1,...,4). In addition, system [5] is
hyperbolic as soon as us # A}, k = 1, ..., 4, in perfect analogy with system [1].



3. Numerical approximation

In this section, we describe a relaxation scheme associated with [5], for approxi-
mating the weak solutions of [1]. In what follows, At and Az denote the time and
space steps and v = ﬁ—;. The mesh interfaces and intermediate times are ;1o =

jAz, j € Z and t" = nAt, n € N, respectively. As usual in the context of fi-

nite volume methods, uj represents an approximate value of the solution in the cells

Cj = [rj_1/2,%j41/2] Attimet = 0, we set u) = A%ﬁfé?j//; uy(z)dz, j € Z,

where uy is a prescribed initial condition.

The relaxation method. The numerical strategy is very classical in the context of
relaxation methods and proposes to first treat the convective part of [5], and then to
take into account the relaxation source term. We begin by defining some approximate
values v at equilibrium for system [5] when setting v} = (u}, (1)}, (Tg)?)t. The
two steps are defined as follows.

Step 1 : Evolution in time (1" — t"+17) In this first step, we solve the first order
system extracted from [5], that is with A\ = 0, with initial data v(z,0) = v;? ifz e
Cj, j € Z . Since this initial condition is piecewise constant, the exact solution is ob-
tained by glueing together the solutions of the Riemann problems set at each interface
;41,2 provided that At satisfies the usual CFL condition

L sV i =0,...5) < 7]

1
T 2

More precisely

L= ‘rj+1/2 ) n A
— Y , Vi) forall (z,t) €lwj, x41[x[0,At], [8]
where (x,t) — v¢(%; v, VR) denotes the self-similar solution of the Riemann prob-
lem associated with [5] (with A = 0), that is with initial condition

v(a:,O)—{VL if <0, [9]

vy (z,t) = ve(

vg if z>0.

Moreover, the constants ay are chosen large enough to verify a discretized Whitham
condition. Unfortunately, and despite that all the characteristic fields associated with
[5] are linearly degenerate, the Riemann solution is difficult to obtain. In particular,
it is not given by an explicit formula. Therefore, an approximate solution (x,t) +—
V(%5 VL, VR) is going to be used in practice. This point will be discussed in the next
paragraph.

We then propose a classical averaging procedure to define the sequence (V;L—H_ )j

_ el et l— 1l 1 Tj+1/2 ~
V;H_l = (UJ +1 7(71)j+1 ’(7-2)_] +1 )t. = Fx/ Vy(l'aAt)dlE . [10]
Tj—1/2

Step 2 : Relaxation (t"+1~ — ¢"*1) In this second step, we propose to account for
the stiff relaxation source term when solving the ordinary differential equations

v =AR(v), z €R, [11]



with R(v) = (0,0,0,0,0, 7 — 77, 72— 73)?, in the asymptotic regime A — co. As ini-
tial condition, we take v(z,0) = v;.““l_ if x € C;, j € Z . This clearly amounts to

n n n n t . n n+1— n n+1—
set v = (0 (T ()T with o = T () = ()
and (T)7*" = (72)7*'". This completes the description of the method.

The Riemann solution (z,t) +— V.(%;vL,VR). As mentioned above, the exact
Riemann solution of [5] is not explicitly known, except, of course, in the very par-
ticular situation ov;;, = ar which leads to two decoupled systems for each phase.
In the general case, the value of the nonconservative product I1;9,a; is difficult to
calculate and this makes the resolution of the Riemann problem pretty challenging
(see [AMB ] for more details). Note that this nonconservative product acts on the
Ao-contact discontinuity only. This discontinuity propagates at the speed u5 and the
Rankine-Hugoniot jump relation applied to the fifth equation in [5] (with A = 0) gives

—ujaapaus] + [azpaus + aslls]+ < Hdpa; >=0.

Here the jump of a quantity X between the right and left states of a discontinuity is
noted [X] and < II;9,ay > refers to the mass of the nonconservative product. Since
Uz is continuous and equals u3, this relation yields

< H[azal >= _[QQHQ} .

In order to facilitate the resolution of the Riemann problem, we propose not to find the
exact value [apIls], i.e. not to consider it as an unknown, but to guess it a priori. In
other words, we replace the actual value [asIls] with an estimation [asIls](ur, ug)
depending on the initial states uy, and ug. Once this prediction is provided (see
below), we are thus led to consider the following system (recall that A = 0),

Orary +urdpaq =0,

Or(aip1) + Oz (aaprur) =0,

Ot(crprur) + Oz (a1 pruf + anlly) = —[aslly](ug, UR)0z—ust

Or(azp2) + Oz (azpauz) =0, [12]
Or(apaug) + Oz (azpau3 + aolly) = [eoll](ur, ug)de—ust ,

a157'1 +u18x,-T1 =0 ’

0¢Ty +ur0; T, =0,

fort > 0, = € R. Solving the Riemann problem associated with [12] turns out to be
easier. Indeed, we show in [AMB ] that the corresponding self-similar solution may be
explicitly obtained after some manipulations on the Rankine-Hugoniot jump relations.
The latter are classical on all the waves except for the A\g-contact discontinuity, since
the right-hand side vanishes in [12]. Across the \gp-wave, they read

Uy 1= Ug_ = Uz ,
o— * J— *
m = oa1-p1—(u1- —u3) = a1 pr4(ury —uj),
muj— + oIl +ao_Tlo = muiy + a1l 4 4+ asy Iy
042+H2+ — CYQ_HQ_ = [CKQHQ](UL, llR) .

[13]




Let us briefly comment this set of relations, in comparison to [4]. First of all, the first
three equations are similar. They express the continuity of us and both the mass and
momentum conservation. Then, the fourth ones seem to be different but are shown
to be equivalent provided that the prediction [aoIIs](uy, ur) is exact (see below the
case of a A\g-contact discontinuity joining uy, to ug).

To sum up, we are able to prove the following accuracy and stability properties of
the proposed relaxation method (see [AMB ] for the proof).

Theorem 2 (The relaxation method) The proposed relaxation method :

(i) (Conservativity) : is always conservative on aypy, k = 1,2 and o prui+as pous. If,
in addition, o ; is constant, the method is also conservative on o pruy, k =1, 2.

(ii) (L' stability) : provides numerical solutions that remain in the phase space §) pro-
vided that the free parameters ay, k = 1,2 are chosen sufficiently large.

(iii) (Isolated \o-contact discontinuities) : captures exactly the stationary admissible

Ao-contact discontinuities of the equilibrium system [1], provided that [asI1s](ur, ug)
is chosen as explained below.

Remark. Due to the averaging procedure [10], it is usual that only the stationary ad-
missible \g-contact discontinuity may be exactly computed.

To conclude, it remains to precise the way we predict [aeIlo](ur, ug).

Estimation of [a5115](ur, ug). Recall that this quantity aims at providing a relevant
approximation of the actual jump [asI15](ur, ug) across the Ap-contact discontinuity
in the Riemann solution of [5]. For the sake of accuracy, we would like this approx-
imate value to be exact when u;, and ur can actually be joined by an admissible
Ap-contact discontinuity, i.e. when u_ = uy and u; = ug are such that the jump
relations [4] are satisfied. With this in mind, we first define a reconstructed subsonic
state U such that @1z = ;g and such that it can be joined to u; by an admis-
sible \g-contact discontinuity. We compute a first estimate of [asllz](ur,ug) =
(aollz)(WR) — (aollz)(ur). In a symmetric way, we reconstruct a subsonic state Ty,
and compute a second estimate [aslls](ur, ur) = (alls)(ugr) — (aolls)(Ty). Of
course, we note that if uy, and up are joined by an admissible \g-contact discontinu-
ity, we have Uy, = ur, and ur = ug so that both possibilities coincide with the exact
jump [a2Ils](ur, ugr). We give then a criterion to chose among these two, namely
we chose the estimate corresponding to the situation which is closer , in the sense of
the Euclidean distance, to the original Riemann problem initial data. Actually this
criterion doesn’t seem to play an important role: in the numerical tests we performed,
no difference can be spotted if one estimate is preferred to the other (see Fig 2).

Remark. Notice that if a1, = a1 r we have by definition u;, = ur and ug = uy,
and then [aoIls](ur, ur) = 0 as expected.




4. Numerical experiments

In this section we present two numerical simulations of the two fluid-two pressure
diphasic model. Other numerical experiments can be found in [AMB ]. The pressure
laws of the phases are given by pi(pr) = Arp)" (k = 1,2), where 7, is the adiabatic
coefficient of phase k£ and Aj a constant depending on the entropy of the gas. In
this case, coefficient Ay, takes the constant value of 10° for ¥ = 1,2 and we choose
71 = 1.4 and v, = 1.2. Initial conditions correspond to shock tube test cases:

(@) u; ifzx <10,
WolT) =
0 up ifz > 10,

In the first simulation, we compare the Riemann solver based on the relaxation ap-
proach we propose and a non-conservative version of the Rusanov solver which is
explained in detail in [GAL 04] when the left and right states are chosen in a way to
verify relations [4] exactly with ug = 0, ¢.e. they are separated by a pure stationary
Ap-contact wave. Computations are performed on 200 cells. Results are displayed
at final time 0.02s on Figure 1. In agreement with Theorem 2 above, the relaxation
solver provides a perfectly sharp discontinuity at x = 10m while the Rusanov scheme
diffuses the profile. In particular, one can easily notice on Figure 1(b) that only the
relaxation scheme exactly preserves the stationary profile of velocity us. The second
simulation corresponds to a general shock tube test where we compare results ob-
tained using the two different estimates of [asIl;] presented above. On fine meshes
(400 cells here), no difference can be spotted.

Again, we refer the reader to [AMB ] for additional simulations.
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(a) Fraction a1 (-) (b) Velocity u2 (m/s)

Figure 1. Pure stationary contact discontinuity
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Figure 2. Shock tube - Different guess of [a11s)]
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