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Abstract

We are interested in the numerical approximation of the solutions of
the compressible seven-equation two-phase flow model. We propose a nu-
merical srategy based on the derivation of a simple, accurate and explicit
approximate Riemann solver. The source terms associated with the exter-
nal forces and the drag force are included in the definition of the Riemann
problem, and thus receive an upwind treatment. The objective is to try to
preserve, at the numerical level, the asymptotic property of the solutions
of the model to behave like the solutions of a drift-flux model with an al-
gebraic closure law when the source terms are stiff. Numerical simulations
and comparisons with other strategies are proposed.
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1 Introduction

We are interested in the computation of compressible two-phase flows. There
are essentially two classes of models for describing such flows. The first class
consists in considering the two-phase fluid as a mixture and treating it as a sin-
gle fluid with a fairly complex thermodynamics. The second class, the two-fluid
models, treats each phase as a separate fluid and consists in writing balance
equations for the mass, momentum and energy of each phase, together with
exchanging terms between the two phases. We will consider here a particular
two-fluid model, namely the so-called two fluid-two pressure or seven-equation
model. It was first proposed in Baer & Nunziato [6] for granular energetic com-
bustible materials embedded in gaseous combustion products. Its mathematical
properties were first comprehensively studied in Embid & Baer [16]. Then, the
model (and related ones, see among others Stewart & Wendroff [41], Abgrall &
Saurel [37], [38]...) has gained interest for the modelling and computation of
two phase flows. See for instance, in a non-exhaustive way, Kapila et al. [29],
Glimm et al. [23], Abgrall & Saurel [37], Gavrilyuk & Saurel [22], Gallouét,
Hérard & Seguin [21], Coquel, Gallouét, Hérard & Seguin [13], and more re-
cently Ambroso, Chalons, Coquel & Galié [1], Tokareva & Toro [42], and the
references therein.

One of the main features of this model is to involve two distinct velocities uy
and us and two pressures p; and po associated with the two phases. It is ac-
tually more common, at least in the meantime and in the nuclear industry, to
use two fluid-one pressure models where both phases share the same pressure
p = p1 = p2. This approach is justified by the very short time-scale linked with
the phenomenon of relaxation of the two pressures towards an equilibrium. How-
ever, the partial differential equations system corresponding to this assumption
lacks some good mathematical properties : eigenvalues of the Jacobian matrix
are not always real but may take complex values. The Cauchy problem for this



system is then generally ill-posed. On the contrary, the two fluid-two pressure
seven-equation model admits systematically seven real eigenvalues and is seen
to have a basis of right eigenvectors, at least in the context of subsonic flows that
will be considered throughout the present paper. The hyperbolicity property
thus makes the two-fluid two-pressure approach very attractive in comparison
to models using a pressure equilibrium assumption.

From a numerical point of view, the seven-equation model is not easy to deal
with for several reasons. The first difficulty is related to the large size of the
model : it is made of seven equations in one space dimension. As an imme-
diate consequence, the Riemann problem associated with the convective part
involves a large number of intermediate states (six generally speaking) and is
difficult to determine or even approximate, and so is the derivation of Godunov-
type method. The second difficulty comes from the presence of nonconservative
products in the governing equations and more precisely the fact that generally
speaking, the model does not admit any equivalent conservation form (actually,
the nonconservative terms vanish in the very particular situation where the void
fractions oy, are locally constant in space and the structure of the model becomes
the one of two (decoupled) classical gas dynamics systems). Note however that
here, the nonconservative products are associated with a linearly degenerate
characteristic field so that by contrast with nonconservative products appearing
in shocks (see for instance LeFloch [32], [33]), discrete solutions are not expected
to depend on the underlying numerical viscosity (see Guillemaud [25]). Difficul-
ties may arise but they are linked with the appearance of resonance phenomena
(see Andrianov & Warnecke [5], Andrianov [3]...). At last but not least, the
closure relations associated with the pressure laws px, £ = 1,2 may be strongly
nonlinear in practice which renders even more difficult the derivation of exact
or approximate Riemann solvers.

A lot of papers are devoted to the numerical resolution of two-fluid two-pressure
models and the question of how to discretize the nonconservative terms. In par-
ticular, the following is certainly not exhaustive. Let us first mention that
Saurel & Abgrall [37] and Andrianov, Saurel & Warnacke [4] for instance (see
also Saurel & Lemetayer [39] for a multidimensional framework) take into ac-
count the nonconservative terms by means of a free streaming physical condition
associated with uniform velocity and pressure profiles. The discretization tech-
nique of [37] is improved by the same authors in [38]. Then, in Andrianov &
Warnecke [5] and Schwendeman, Wahle & Kapila [40], the common objective is
to get exact solutions for the Riemann problem of the model. The approach is
inverse in [5] in the sense that the initial left and right states are obtained as
function of the intermediate states of the solution. On the contrary, a direct iter-
ative approach is used in [40] leading to exact solutions of the Riemann problem
for any initial left and right states. See also the recent work of Deledicque &
Papalexandris [15]. Another direct approach to construct theoretical solutions
is proposed in Castro & Toro [9]. In this work the authors propose to solve the
Riemann problem approximately assuming that all the nonlinear characteristic
fields are associated with rarefaction waves. More recently, Tokareva & Toro
propose in [42] a HLLC-type approximate Riemann solver which takes into ac-
count all the seven waves that are naturally present in the model, and that
can be seen as a similar but faster approach in comparison to the exact solver
proposed in [40]. Finally, all these (approximate or exact) solutions are used to
develop a Godunov-type method. At last, other finite volumes methods have



been used. For instance in Gallouét et al. [21] (see also Guillemaud [25]), the
approximation of the convective terms of the system is based on the Rusanov
scheme (Rusanov [36]) and the so-called VFRoe-ncv scheme (Buffard et al. [8]),
these strategies being adapted to the nonconservative framework. In Munkejord
[34] and Karni et al. [30], the author use Roe-type schemes.

Many of the above mentioned methods are only devoted to the convective part
of the seven-equation model, focusing in addition on a specific choice of the in-
terfacial velocity uy naturally present in the governing equations. They are often
based on an exact or approximate resolution of the complete Riemann problem,
leading to fully nonlinear algorithms. In this context, our objective here is to
derive the simplest possible approximate Riemann solver for the seven-equation
model, which is accurate, explicit and well-adapted for the nuclear industry. By
construction, it will be able to deal with any admissible interfacial velocity wuy,
and any (possibly strongly nonlinear) closure relations for the pressure laws py,
k = 1,2. It will also enjoy several pleasant stability properties. Importantly,
the definition of our approximate Riemann solver will also include the usual
source terms associated with the gravity field and the drag force. The objective
is to propose an upwind treatment of the sources, so as to preserve the asymp-
totic behavior of the solutions in the asymptotic regime of relaxation time-scales
tending to zero (see section 2.3 for details). Proving the so-called asymptotic-
preserving property of the proposed method unfortunately still remains an open
problem. In that sense, this study can be understood as a first attempt to design
asymptotic-preserving schemes for the seven-equation model.

The outline of the paper is as follows. Section 2 introduces some notations,
gives the governing equations of the two-fluid two-pressure model and states its
basic properties. Section 3 proposes a rough description of the whole numerical
scheme. Next, section 4 describes the approximate Riemann solver and section
5 details the numerical scheme. At last, section 6 gives the stability properties
satisfied by the scheme and states some open problems. Section 7 is devoted to
numerical experiments.

2 The governing equations and some mathemat-
ical properties

2.1 Model

In one space dimension, the model under consideration reads as follows :

8ak 8ak

v + UI% =O(pr —m),

0 0
a(awk) + %(akgkuk) =0,

0 0 oo
a(awkuk) + %(ak(gkUi + i) — pfa—; = aporg — K (up —w),

9 9 e
E(akgkek) + a(ak(gkek —i—pk)uk) —plula—; =

= aporgur — p1O(pr — p1) — urK (up — wp)



where k,l = 1,2, | # k with the constraint
a; +as =1, (2)

meaning that the fluids are unmixable. In the above equations, ay, ok, ur, ek
and pi denote the volume fraction, density, velocity, specific total energy and
pressure of the phase k, kK = 1, 2, while g stands for the gravity acceleration. The
structure of the convective part of system (1) is the one of two gas dynamics
systems for each phase, coupled with a transport equation with velocity u; for
the void fraction ay. We note however that non-conservative products involving
the interfacial pressure p; and velocity uy (to be precised later on) and the space
derivative of the void fractions ay are naturally present in the equations. These
terms act as coupling terms in the evolution of the two phases in the sense that
if they were not present (in case %& = 0 for instance), the phase evolutions
would decouple and the usual conservative form of the gas dynamics equations
would be recovered. In the general setting, we thus notice that system (1) is of
the general nonconservative form

86_? + (%F(U) + B(U)%—Ixj — S(U) (3)
where

% U O
U=| U |, Up=| arorur |, (4)

U, Ok OkCk

0 Ak Ok UK
F(U)= | Fi(U)) |, Fp(Up)=| owloruy+pr) |, (5)
F»(Us) ar(oker + pr)uk
O(p1 — p2)
S(U) = S1(U) : (6)
S»(U)
0

Sk(U) = akorg — K(ur — w) ; (7)

arorgur — prO(pr — pi) — urK (up — wy)



k,0=1,2, 1 # k, and the 7 x 7 matrix B(U) is given by

pr

prur

2.2 Closure relations

In order to close the system, we supplement (1),(2) with closure relations that we
now describe in details. It amounts to define the pressure laws py, the pressure
relaxation coefficient ©, the drag force coefficient K, and the interfacial velocity
uy and pressure pr. We note in particular that we have decided to neglect the
dissipation terms due to laminar or turbulent viscosity and heat conduction.
Moreover, for the sake of simplicity, phase changes and heat exchanges between
the two phases are not taken into account.

On the one hand, each phase is provided with an equation of state

Pk :Pk(Qk;Ek)a k= 1725 (9)
2
where ), = e, — ¢ is the specific internal energy. On the other hand © will be
typically chosen of the form
1 1009

0 =— (10)
Tp P1 + D2

where 7, is the pressure relaxation time-scale, while K will be set to be of the
classical form

1 _
K= gCDamtpﬂul — ug|, (11)

in the numerical simulations (see section 7 for the definition of the related co-
efficients). Other choices are of course possible, we refer for instance the reader
to Ishii & Zuber [28].

It remains to specify u; and p;y. With this in mind, we follow [21] and first
observe that the eigenvalues of the Jacobian matrix F'(U) + B(U) of (1) are
always real and given by wuy, ug, ux = ci, k = 1,2, where ¢ denotes the sound
speed of the phase k. The system (1) turns out to be only weakly hyperbolic,
since the hyperbolicity property itself fails when u; = ug 4 ¢x for some index
k, i.e. resonance occurs. When the system (1) is hyperbolic, one can easily
check that for £ = 1,2, and similarly to the classical gas dynamics equations,
the characteristic fields associated with the eigenvalues uy £ ¢ are genuinely
nonlinear while the one associated with wuy is linearly degenerate. As far as the
characteristic field associated with u; is concerned, it is usually required to be
linearly degenerate in practice. This property holds as soon as

X&101
ur = Pur + (1 — B)usg, = 12
1= PBurt (1 =Bz, B xa101 + (1 — x)a202 (12)




where y € [0, 1] is a constant, which allows to define the interfacial velocity u;.
The usual choices for x are 0, %, 1. Regarding the interfacial pressure pr, we set

pr=ppr+ (1= pp2, p=p(U)e€l01]. (13)
The choice of the coefficient u is based on entropy considerations. If we denote
by si = si(ok,er) the specific entropy of the phase k, it is an easy matter to
check that any sufficiently smooth solution of (1) satisfies

o (& 9 2 : .
9t l;ak@ksk +% ZakaSkUk +;_(P1*pk)(uk—u1)az

k=1 =1k

= Z Tik {K (ug — ug)(ur —u) +O(pr — pr)(pr — )}
k=1

where Ty, is the temperature of the phase k. Since by (12) and (13)

> - (B = wn) s = ) + O~ pu)or — i) =
k=1

SO )t (5
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we obtain
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(14)
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< T +T2)K(U2 uy) +< T +T2 O(p2 —p1)* >0
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L (pr = p1) (s — ur) — 2 (pr — p2)(uz — ur) = 0
T pr —p1){ur —ur T pr —p2){ug —ur) =
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1-0)T:
p=u(@) = =0T (15)

TAh+(1- BT

Then, given a monotonically decreasing C! function ¢ = ¢(s), we set

n=n(0)=>_ aroxd(sr), q=0q(U0) =" arord(si)us. (16)
k=1 k=1

Under the condition (12), we have for any sufficiently smooth solution of (1)

on  9dq ((1=DB)¢(s1) B (s2)
E+%< T, T

2
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2
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so that (7, q) is a mathematical entropy pair if in addition the function ¢ is
convex. A weak solution of (1) (in a sense to be precised) should then satisfy
the entropy inequality

7)
# (o), 200 65, — 2 <0

The system is now closed thanks to the relations (9), (10), (11), (12), (13) and
(15).

2.3 Asymptotic properties

The objective of this section is to mention some asymptotic properties satisfied
by the solutions of (1). For that, we assume that the time-scales involved in the
pressure relaxation and drag force coefficients are much smaller than the other
characteristic time-scales of the system. More precisely, we assume that

AU)

K(U) = AU)Juz —w|,  A(U) = (18)

for a small parameter € > 0 which implies that
p2—p1 = O0(E?), uz —up = O(e). (19)

In other words, this means that the pressures relax to the equilibrium twice
faster than the velocities. Then, one can prove as € tends to 0 that (1) admits
an asymptotic limit, the so-called differential drift-flux limit that we now briefly
recall for the sake of completeness. We refer for instance the reader to [2], [14],
[24], and the references therein for more details. Let us define the following
mixture quantities : density g, velocity u, pressure p and total energy e by

2 2 2 2
0= Ok, QU= opokur, P=Y Pk, 06= Y aroker. (20)
k=1 k=1 k=1 k=1

We introduce in addition the relative velocity u,, and the mass fraction Y of

the phase 2 :

Up = Up —up, Y = a2992. (21)
Then, following the classical Chapman-Enskog method, it can be proved that
a first-order approximation with respect to € of (1) is given by the following
differential drift-flux model :
0o 0

pri %(QU) =0,

0 0
a(@y) + %(QYU +0oY (1 =Y)u,) =0,

0 0
5 (ow) + %(@u2 +p+ oY (1—-Y)ul) = oy,

0 0
a(@e) + a((é)e +pu+ oY (1 —Y)ulu) = ogu



where the relative velocity w, is given by the differential drift law

- Y) (1 1\ op
sy = 2L <Ql QQ) % (23)

Closure relations for p1, p2 and p are not detailed here and we refer again to [14],
[24]. We note that (23) involves the drag-force coefficient but is independent of
the pressure relaxation coefficient. It also depends on the unknown derivatives
by the pressure gradient %. Of course, if we assume for instance that the
pressure gradient is balanced by the gravity force, that is

o _
or 09,

as it is the case for permanent flows, (23) has to be replaced by the following
algebraic (zeroth-order) drift law

oY(1-Y) /1 1
e =~ 2T (L 2 g (24)

We obtain in this case the classical drift-fluz one-fluid model (see for instance
[27]), which definitely proves a hierarchy between the drift-flux models and the
seven-equation model.

This asymptotic property holds true at the continuum level. A challenging
issue is to retain the validity of this asymptotic behavior from a numerical point
of view, by means of an asymptotic-preserving scheme for the seven-equation
model. In other words, such a scheme is expected to provide a consistent ap-
proximation of the drift-flux model (22),(23) in the asymptotic regime £ — 0.
The rest of the paper is precisely devoted to the derivation of a numerical scheme
for the seven-equation model. It will be based on a splitting strategy between
the pressure relaxation terms and the other ones, namely the convective terms
and both the gravity and drag force terms. A particular attention will be paid
to the latter terms for which we will propose an approximate Godunov method.
In particular, we emphasize from now on that the sources will be included in
the definition of the underlying approximate Riemann solver, and thus will re-
ceive an upwind treatment. The motivation to split the pressure relaxation
terms comes from the very fast pressure relaxation time-scales to the equilib-
rium p; = p2 used in (19).

3 The principle of the numerical method

As already mentioned, we will use a splitting strategy to solve numerically the
system (1). Let us first introduce a space step Az and a time step At, and set

r; =ilAx, i €7, t"=nAt,neN.

We denote by U} an approximation of U(x;,t,). Then, starting from U" =
(U)sez, we propose to compute the approximate solution U™ at time ¢"+!

by means of the following two-step procedure.



(i) First step. We solve numerically the system

60% 60%

Tk Y%
ot +u[8z ’

0 0
&(aké’k) + %(O‘kauk) =0,

0 0 0
&(O‘ké’kuk) + %(ak(gkui +pr)) *PI% = axorg — K(ur —w), (25)

0 0 0
&(O‘kaek) + %(ak(ykek + pr)ur) — pﬂu% =

= aporgur — ur K (ur — wp)

(obtained from (1) by setting © = 0) using U™ as initial condition. We denote
by U™ /2 the solution of (25) obtained at time ¢"*!. This will be achieved by
means of a new Godunov-type method described in the next section, and which
is able to handle the source terms (the drag force and gravity) in a consistent
way in order to preserve the asymptotic properties of (1). Such an approach,
leading to an upwind treatment of the sources, seems indeed natural if we refer
for instance to [10]. In this paper, the authors consider the classical gas dy-
namics system with gravity and friction, and propose an asymptotic-preserving
Godunov-type scheme (when the friction coefficient goes to infinity) including
the sources in the derivation of the underlying approximate Riemann solver.
Here, in some sense, the seven-equation can be understood as two gas dynamics
system with friction and gravity coupled by an additional equation on the void
fractions, which justifies our approach.

(ii) Second step. The pressure relaxation term are now taken into account :
the numerical solution of (1) at time t"*! is computed by solving the following
ODE system

dak

=k — O(p, —
o (pr — M),
d d
il _ - — 26
o (axor) dt(akgkuk) 0, (26)
dek
=k O —
T (pr — 1)
or equivalently
dOzk
=k — O(p. —
o (Pr — m1),
o doe o day
k di Ok dtv
(27)
du
ak@kd_: - 05
dEk dOzk
akaE ZPIW

10



with the initial condition U™1/2. Actually, this system has already been ana-
lyzed and solved numerically in [21]. For reader’s convenience and for the sake
of completeness, we briefly recall the main ideas of this strategy that we have
used in practice, and refer the reader to [21] for the details. The main objective
of the procedure is to preserve the positivity of the pressures p; and po as well
as the maximum principle «y, € [0, 1] for the void fractions.
Let us first focus on the void fractions. Using (10), the first equation of (26)
equivalently writes
1 day _ 1p1—po
ajag dt Tp D1+ D2’

that is, since ag + as =1,

dl a1 pi—po
—In (—— —= =
11—y Tp P1 + D2

We thus get after integration

( a1 )(t) = (L)nﬂ/2 eXp( ! /0 (p1 _pQ)(T)dT). (28)

11— 11— T_p p1 -+ p2

This formula clearly provides us with an unique definition of « (¢) € [0, 1]whatever
be the proposed quadrature formula and provided that (az)"t'/2 € [0,1],
k=12

Regarding the two pressures p; and po, we first write using (27)

dpi _ Oprdpr | Oprdex _ _Opwpe 0Pk prydow ) o (g

dt dpy dt Oep, dt pr g Ocy, agpr’ dt’
To avoid cumbersome notations, we propose to set
0 0
A= (rPE_CPE DLy g9

Opr o Ogy, P

Substracting these two equations and using the first equation of (26) leads to

d
=)+ O(Ai = A)(p —p1) = 0,

which gives after integration

t
(pr = p)(8) = (o — )" 2 exp (- / O(Ay — A)(r)dr), k=12 (30)
0
This first equation proves that (px — p;)(t) and (pr — p1)" /2 keep the same
sign for all ¢. Now dividing (29) by pi gives

d A d
—1npk+ak k—lnak:(),

and then

d OzkAk d
—1 —1 =0.
Hp1p2+; e di n o

11



Integrating gives

OzkAk d
o %11104;@)(7')(17'). (31)

(p1p2)(t) = (p1p2)" /% exp (- /0 (Z

k=1
This second equation shows that p; and ps have necessarily the same sign pro-
vided that (pips2)"+1/? > 0. Formulas (30) and (31) thus provide us with unique
positive values of p;(t) and po(t) for all time ¢, provided that (p;)"+/? > 0 and
(p2)"+1/2 > 0.
On the ground of the above developments, the definition of the numerical solu-
tion to system (26) given in [21] is based on a natural discretization of

( Qi ) = ( o )n+1/2exp(l/0 (p1*p2)(7_)d7_),

11— 11— Tp p1+ p2

(aror)(t) = (aror)" /2,

(crorur)(t) = (cnorur)™* /2, (32)

(p1 — p2)(t) = (p1 — p2)" /2 exp (- /0 O(A1 — Ag)(7)dr),

2

(p1p2)(t) = (p1p2)™ /% exp ( —/O > %(Pk —p))(7)dr).

b1 Pk

This strategy clearly allows to define positive pressures pi and void fractions ay
lying in [0, 1]. The partial densities also remain positive provided that they are
at the end of the first step.

We now focus in the next section on the numerical approximation of the first
step and more precisely on the derivation of a consistent approximate Riemann
solver for (25).

4 The approximate Riemann solver

The system (25) is again of the general form (3) where U, F(U) and B(U) are
still given by (4),(5) and (8) respectively while S(U) is now defined by

0 0
S(U)=1] S1(U) |, Sx(U)= arorg — K(up — up) ) (33)
S2(U) aRokgur — urK (ug — wp)

Our purpose is now to construct an approximate Riemann solver for the system

(25).

4.1 Generalities

We first recall in this section a fairly general method of construction of Riemann
solvers for a nonconservative systems with sources of p equations of the form

12



(3). More precisely, our main objective is to recall, following Gallice [18], [19]
and [20], the notion of consistency with the integral form of (25) of such an
approximate Riemann solver.

We first introduce a simple Riemann solver of the form
U1 = UL, % <oy,
WA(%UL,UR) —{ Uy, op<Z<on, k=2,.,m, (34)
Um+1 = UPu % > Om.

It consists of m waves with speeds o = 0 (U, Ug),1 < k < m, and m — 1
intermediate states Uy,2 < k < m, which may depend on A = (Axz, At) 1. As
it is natural, we will first require

lim Wa(L; UL, Ug) = U. (35)
U, Uz—U t
A—0

Let us now define the consistency in the integral sense.
4.1.1 Consistency with the integral form of (25)

We first observe that, under the CFL condition

At 1

1<k< | k|_ 5 (36)
we have
I 1 At &
~ WA(At U, Up)de = 5(Up + Un) — ;ak(ukﬂ —Up)
so that

At m
/ /M 5 Wal(s L. UL, Up)dzdt = —At;ak(Uk_H —Up).

Next, integrating (25) in space and time leads to

At At A2 At
/ / a—dedt—i— / / {gF( )+B(U 6U 5 Jdwdt = / / U)dxdt
Aa‘ _ Az X Az

which gives, focusing ourselves on simple Riemann solutions of the form (34),

5 Az At AT OW
W(At Uy, Up)de = —-(Up+Up) / / F(W)+B( )5~ S(W) }ded.

n the sequel, the subscript A = (Axz, At) will indicate a dependence on Az and At.

13



Consistency in the integral sense consists in imposing

At S D oW u
—F(W) + B(W)—— — S(W) jdzdt ~ At Up+1 — Uyg).
[ [ GOV BWIGE - SOW)hdwat = A3 Uk~ V)
(37)
More precisely, the Riemann solver (34) is said to be consistent with (3) if there
exists a p x p matrix BA(Up, Ug) and a vector Sx(Ur,Ug) € R? with

lim Ba(Uz,Ug) = B(U) (38)
UL,UR —-U
A—0

and
lim SA(Up,Ug) = S(U) (39)
UL,UR —-U
A—0

such that under the CFL condition (36)

AF + Ba (UL, Ug)AU — Az SA (UL, Ug) = Y _0x(Uks1 — Ux)  (40)
k=1

where as usual AU = U, — Ui and AF = F(Ug) — F(UL). Note that the
left-hand side of (36) is obtained by an exact calculation of the left-hand side
of (37) where the exact matrix B and the exact vector S have been replaced
with Bao and Sa. Observe also that we recover the usual definition of consis-
tency associated with systems of conservation laws when the non-conservative
products and the sources are not present in the model (see for instance [26]).

4.1.2 The Godunov-type method

The Godunov-type method associated with the simple Riemann solver (34) is
then defined as usual by

1 0 T
Ut = ~ { N WA(E;U?,U?H)der

(41)

Az
2 x
Wa(—; U, UNdzx » .
+/O A(Ata i—1 z) $}
Assuming that the Riemann solver (34) is consistent with (3) and setting

Ga(Ur,Ug) = % {F(UL) +F(Ur) = Y |on|(Upsr — Uk)} (42)
k=1

one can check that, under the CFL condition (36), the associated Godunov-type
method reads

At

At
R Y L S Y - CE § L § 1
Ut = Uf - (Gl — GLy) 2Agg{BZ_E(UZ U™ )+
(43)

At

+BLL 1 (Ul — UN } + S(S%y +S1y)

=3
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where for all i

GZF% = GA(U?aU?H)a B?Jr% = BA(U?’U?Jrl)a
(44)

St 1 =8a(U}, Ul
Once the approximate Riemann solver is defined according to (40), the proposed
Godunov-type method is then very classical. We note however that the non-
conservative products and the sources are taken into account in the definition

of consistency, and then clearly receive an upwind treatment in formula (43).

4.2 Construction of the Riemann solver

In order to construct an approximate Riemann solver for the system (25), it is
first convenient to associate to (25) the linearized system

aak 8ak

ot Ty =0
Oaor . Oaporuk
=0
ot + Ox ’
O 0k 0 Jda
COROTE 1 2 (anorud + 1) — pr A = anorg — K (u, — w),
Oaygorer 0 Oay,
- [ H —_ —_— =
ot + az((akaek + Iy )ug) — prur oz
= aporgur — urk (ur — w),
oC, | 00,
ot +ur dr 0,

k,l = 1,2, # k, which is obtained by replacing axpx by IIx and introducing
a new variable C > 0 which plays the role of a Lagrangian sound speed. This
approach allows to relax the possibly strong nonlinearities involved in the pres-
sure laws and is similar to the one used fo instance in the well-known HLLC
approach, or in the relaxation schemes (see for instance [7] and [11], and the
references therein). Setting

Vi = (o, Ch, 0k uks €1, 1) T,k =1,2, (46)
we assume as given the pair (Vi 1, Vi r) with
e x = 2Pk Py = Pk(0k2s€60), A= L,R. (47)

Defining Iy, at its equilibrium value aypy, for the left and right states of the Rie-
mann initial condition implies that the consistency relations (40) are identical,
the system under consideration being linearized (i.e. (45)) or not (i.e. (25)).
We construct the Riemann solver as follows.

15



4.2.1 First notations and form of the approximate Riemann solver

We first introduce an approximation

Vi
Vi

P

uj =uj(Ve,Vg), Va= ( ) ,A=L,R,

of the interfacial velocity u; which will be determined in the sequel. Then the
first and last equations (45) lead us to take

x *
Q. L, - < Ur,
T t
Oék,A(?;VL;VR) = (48)
T
QL R, - > ’LL?
t
and .
Ck,ln ; < U?,
X
Ck,A(?;VLva) = (49)
X
Ck:,R; ? > u}

For k = 1,2, we next introduce a function Vj A of the form

X
Vk,La ? < Ok,1,

% T
. Vk,L’ Jk,l < ? <0—k12,
Vk,A(?;VL;VR) = (50)

X
*
Vir Ok2< 7 < Ok,3,

X
ViR, 7 > 0,3

where the wave speed estimates oj,1 < 01,2 < 0j,3 are given by

B Crr
Ok1 = Uk,L — )
Ok,L
Ok = 02 = Uj, (51)
C
Ok,3 = Uk,R + BE
Ok,R
Note that by (48) and (49) we have
azﬁ/\ = Qg C;;/\ :Ok,A, A=L,R. (52)
Now, if we set using obvious notations
a1
Upa =Ur(Via), Upa=Uxr(Viy), Ux=| Ux |, A=L,R, (53)
Uz .\

16



the Riemann solver is taken in the form

X
Oél,A(?;VLa Vr)
X X
WA(?;ULvUR) = Wl,A(;3ULaUR) (54)

x
WQ,A(?; U, Ug)

with .
Ui, 7 < Op,1,
. x
kLo Okl < ? < 09,
x
Wk,A(?;ULvUR) = (55)

€T
*
Uk,R’ oo < ? < Ok,3,

Uk,R; % > 0k,3-

Indeed, in (50) (resp. in (55)), V}. \ (resp. Uy ) and oz = uj will depend on
A = (Azx, At).

We note that the unknowns Vy, \ or Uy \ associated with the phase k possibly
jump across the k-acoustic waves 01,1 and oy 3 and the coupling wave o, but
never across the [-acoustic waves o;,; and o0y,3, [ # k. This is natural since «y, is
constant across all the acoustic waves by (48), so that the evolution of the two
phases are decoupled in these regions (see section 2.1 above). We also note that
the contact-discontinuities ur, kK = 1,2 have been removed from the Riemann
solver like in a HLL-approach. This allows at least in the subsonic regime to
drop the difficulty related to the wave positions, that is to avoid switching from
one wave configuration to another depending on whether u; < ws or not. We
will then get an explicit approximate Riemann solver.

4.2.2 The consistency relations

It thus remains to define the wave speed u} and the intermediate states Vi \, k =
1,2, A = L, R, in such a way that the approximate Riemann solver is consistent
with the integral form of system (25), or equivalently that the consistency re-
lations (40) are valid. This first necessitates to define the matrix Ba and the
vector SA. We propose to simply set

. 0
Sa=| Sia |. Sia= aporg — K (up —w)
S2,a arorgtx — ur K (up — )

17



and
Uy
0
—pr
Ba=1 _pra; O
0

DI

prug

where a0k, g, K (ur, — up), @y and pr are consistent approximations of ag ox, ug, K (u,—
uy),uy and pr respectively. In addition, we assume

—_—~ e/~

K(’LLQ — ul) == 7K(’LL1 - UQ). (56)

Then the general consistency relation (40) gives on the one hand

’ﬁ] = u? (57)
and on the other hand for k£ = 1,2
0
AFy, — D1 Aap — Az Sp A = 041 (Ug p — Up )+
prug (58)

+ui(Uy g — U 1) + 01,3(Ug,r — U ).
4.2.3 Definition of the intermediate states

We have now to determine the pair (V}, , V}, ) or equivalently the pair (U}, ;, U}, ).

The mass equations. We begin by writing the Rankine-Hugoniot jump rela-
tions for the mass conservation equation at each wave with speed o;,;,1 <1 < 3:

ok *
Uk,l(QzﬁL - Qk,L) = Ok, LUk, — Ok,LUE,L,
o2(ak,RO; R — Ok, LO% 1.) = Ok, ROk RUK R — Ok, LOF LUL L» (59)

Uk,S(Qk,R - QZ,R) = Ok,RUk,R — QZ,R“Z,R-

By summing the above equations (59), we obtain that the first component of the
consistency condition (58) is trivially satisfied. Together with the expressions
(51) of oj 1,1 <1 <3 the first and third relations (59) yield

Crr . Cr.1

Ok,1 = Uk, — =UpL—
Ok,L Or.L
(60)
Cr,r Ck,r
Ok3 =UgR+ —— =up p+ —
Ok,R kR

18



while the second relation (59) reads

ji = a0k, (ur,, — ur) = ak,rOk r(Uk g — UT)- (61)

The momentum equations. We next consider the momentum conservation
equation. The idea consists here in taking into account the source term only
when crossing the wave with speed o2 = uj. We thus write the Rankine-
Hugoniot jump relations for the homogeneous momentum conservation equation
at the acoustic waves whose speeds are o1 and oy, 3:

_ 2 2
o100k, 1 (0% LUF L — Ok, LUK, L) = i, L(0f LWk — Ok, LU} )+

+15 = Ug,r,
(62)
ok 30k, R(Ok, RUK,R — 0 RUR 1) = Ok, R(0K,RUG g — OF RUF R)F

+p,r — I g

We supplement the above equations (62) with the second component of the
consistency relation (58) which reads

Aok opui + 1) — praag — Az (korg — K(ur —up)) =
= o100, (0F, LUE 1, — Ok, LUk,L) + uj (kRO RUF R — Ok, LOF, [ UF, )+
+0k,30, R(0k, RUK,R — Of RUL R)-
Using (62), we obtain

* * * * _ *2 * *2
Uf(ak,RQZ,Ruk,R - O‘k,LQk,Luk,L) = Ok, RO RUk R — Ok, LO% Uk, —
(63)

—pr(arr — arr) + 10 g — i | — Az (korg — K (ur, — up))

In fact, this equation may be viewed as a Rankine-Hugoniot jump relation when
crossing the coupling wave whose speed is u} provided that the source term acts
as a Dirac mass located along that wave.

Let us now arrange these relations in a more convenient way. By using the
expression (60) of o 1 the first equation (62) becomes

. Cer) .« . C,L
Uk L — % Ok, LUk, — | Yk, L — —— ) Ok, LUK, L =
Ok.L Ok,L

1

* *2 2 *

= Ok, LUk — Ok LUK [, + orL (I, — Hg.z)
L

)

or
HZ,L == Hk,L - ak,LCk,L(UZ,L - ukyL). (64)

Similarly, the second equation (62) reads

HZ,R = Hk,R + O‘k,RCk,R(u;R — ukyR). (65)
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On the other hand, by using (61), the equation (63) becomes

I g — W5 p = dk(ug p — up g) + Drlarr — ow,L)+
(66)

+Az (korg — K (u — w)).
Then, replacing in (66) 11y ; and II}; p by their expressions (64) and (65) gives

Al = praes = je(u,, — uj g) + 2arCrttr)o—

— (L. Ch,Lu 1, + a RCr Ut g) + Az (arorg — K (up — )

where here and in all the sequel ¢, = %(SDL + ¢r) will denote the arithmetic
average of any pair of quantities (¢r, ¢r). Notice that (60) and (61) yield

Ck,L

. * * - * 5 *

Jeuy,, — kL Cr Ly, = Jk (Uk,L - o — ap, . C,puy =
k,L

= 01,1k — ok, . Cr, LU}

and

. . Ck.r
Jkug g + ok RCr RUE R = Ji (u;ﬁ,R + Q*’ + ar,rCr,puT =
kR

= 0,37k + ok, RCr, RUT.
Then, taking (47) into account, we obtain

Alarpr) — prAay, = (or1 — 0x3)jk + 2 {(axCrur)a — (axCr)aut}
o (67)

+Az (akorg — K (up — w)).

The interfacial velocity uj. Let us now define the approximate interfacial
velocity uj. The definition (12) of ur leads us to set

E3
Xa1,L0j

xon,00 , + (1= X)oz,Los ),

uy = Bruyp+ (1= Brjus g, Br=

or equivalently

XOél,RQT,R
xai,ro} g+ (1= x)az,ros 5

up = Brui g+ (1 = Br)us g, Br=

This amounts to set
xj1+ (1= x)j2 = 0. (68)

Calculation of (¢ 1,05 r)s (uf 1, up g)s (I 1,11} z) for k = 1,2, and uj.
We can then determine the pairs (¢, 1,0} r), (ug p,upr), (Hf 15 z). We
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first compute j; and ja in the following way. Summing the equations (67) for
k =1,2, using (56), we find

Ap = (01,1 —01,3)71 + (02,1 — 023)72 + 2 {(a1C1u1)q + (2Cousz)q—
—((a1C1)a + (a2C2)a)ut} + Az (a101 + a202)g.
In all the sequel, we will choose
a;c\_g/k = (akgk)aa k= 1) 2. (69)

Hence, we obtain

. 1
e 2((1C1)a + (@2C2)4)

{(o1,1 —013)j1 + (021 — 02,3)jo+
(70)

+2((a1C1u1)q + (2Cous2)q) — Ap + Az 049}

where the mean density ¢ and the mean pressure p are defined as in (20).
Replacing u} by its expression (70) in the equation (67)? gives

(a2C2)a(01,3 —011)j1 — (1C1)a(02,3 — 02,1)j2—

—Az ((a1C1)q + (a2C2)a) K (u2 — u1) =
=2{(2C2)a(1Cru1)q — (1C1)a(2Cousz)q } + (71)

+(a@1C1)a(A(a2p2) — pr Aaz) — (2C02)a(Aarpr) — prAan)+

+Az {(a2C2)a(a101)a — (1C1)a(a202)a} 9.

In order to determine j; and jo as solutions of the equations (68) and (71),

we need now to specify the approximate drag term K (ug — up). The simplest
choice consists in setting

K(uz —w1) = (K(uz — u1)), - (72)

Assuming that p; does not depend on j1 and ja, (68) and (71) form a linear
system in (ji, j2) whose determinant

—x(01C1)a(02,3 —021) — (1 — x)(@2C2)o (01,3 — 01,1)

never vanishes®.
Once (j1,j2) is known, uj is given by (70). Then, using (60) and (61), we
obtain '
. (Crr —orrugn)jr + ok 1.Cr Lok LUT
ukyL = . )
ok,2(ak,.Ck, — Jjk)

(73)
(Cr,r + 0k, RUE,R)Jk + U, RCl, ROk RU}
ok, rR(ak,RC,rR + Jk)

*
Ug.r =

2associated with the phase k = 1 for instance.
3provided that the waves remain well ordered as they should, i.e., O3 > 0op1, k=1,2.
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and

1 1 Up , — Uk,L
= +
OrL  OkL Cr.1
I 1 upp—UkR
Orr  OkR Ck.r

The pair (ITj, ;, 1T} ) is then given by (64) and (65).

The energy equations and the calculation of (eZ7L,e,§7R) for £ = 1,2.
It remains to determine the pair (e,’;D 6;;7R), k = 1,2, of intermediate values of
the specific total energy by means of the energy conservation equation. First,
the third component of the consistency relation (58) reads

A((arorer + Iy )ur) — prafAog—

e~

—Az {(Oékgk)agﬁk — K (ug — Ul)ﬁl} =

= o100, (0F. L€, — Ok,L€k,L)+

+ui(ok, RO REE R — Ok, L0k 1€k 1) T Ok,30k, R(CkREL,R — 0% REL R)-

Using again (60) and (61) together with (59), the consistency relation (74)
becomes

A(Mguy) — pruilAag — Az {(akgk)agak —urK (u — ul)} =

(75)
= (Jk — ak,.Cx,1)ey 1, — (Jk + ar,rCk,r)e} p + 2(arCrer)a-

where 7, remains to be specified. This gives one equation for each phase.

We next need to derive another equation and a way to get it is as follows. As for
the momentum equation we would like to write the Rankine-Hugoniot jump re-
lations for the homogeneous energy conservation equation at the acoustic waves.
This is excluded since we would obtain three conditions for two unknowns. Let
us nevertheless write these jump relations where we have replaced e ; and e}
by ey, and ey, g respectively: we find

O,10%,1,(0F. 1.8k, — Ok,Lk,1.) = Ok, L(0% €k, LUS. 1 — Ok, L€k, LUK,L)+

+15 pug = e pug,r
and

0k,3k,R(0k,RCK,R — 0% R€k,R) = Ok, R(Ok,REK,RUK,R — 0% RCK,RUE R)T

+g, ruk,r — U} guy g-

Using again (60), the above relations become

€k,L = e, + (Mg, puk,r. — j, pug 1),

o 1.Cr L

1

* *
——— (I}, pug, g — g, rUk,R)-
ak,RCk,R

€k,R = €k,R T
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In order to determine e;, ; and e} ,, we solve an optimization problem. Since
the consistency relation (75) is of the form

aiey —azep g =>b
with
a1 = jr — o, r.Crr, a2 = jr +ar,rCrR

and
b= A(Hkuk) —ﬁ]U?Aak — Q(Ockckek)a—

—Ax {(aka)agﬂk — up K (ug, — Ul)} ;
we minimize the quadratic functional
J(x,y) = (x — )’ + (y — rr)’

under the linear constraint
a1x — asy = by.

Clearly, this optimization problem has a unique solution (x = €rr:Y = €, )
which is easily determined

e 1 = Chp + ——s (b — @18k, 1, + A28k R),
' aj +aj
a2
* _ _ _
€rr = €r,r — 55 (b— ai1ér,r + a2ey R).
k,R a% +a§( )

In addition, using (76)-(77), one can check that

b— a1€g, 1 + asép R = jk(ék,R — ék,L) + HZ,RUZ,R — HZ,LUZ,Lf

—prutAay — Az {(akgk)agﬂk —ui K (ug — ul)} .

The Riemann solver is therefore completely defined provided that we choose
consistent approximations 4y, py of ug and p;y. Many choices are of course
possible. In practice, we first chose

~ 1 * *
up = §(Uk,L + uy, g)
and then, in compliance with (12), (13) and (15),

pr = fi(p1)a + (1 — f1)(p2)a (78)

with
fi = (1= x)(a2p2T%)a- (79)

5 The numerical scheme

Let us now give an explicit form of the numerical scheme of solution of the
system (1).
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5.1 The first step: U" — U"t!/2

We first derive the explicit form of the Godunov-type scheme (43) associated
with the Riemann solver introduced in the previous section. Using (42), it is a
simple matter to check that the numerical flux Ga (U, Ug) is given here by

1
—§|U?|AO‘1
GA(ULaUR) = GLA(ULvUR)

G2 (Up,Ug)
where

Gia(UL,Ug) = 5 {Fi(Ur,) + Fr(Ukr) — |ok1|(Us ; — Uk,)—

—[uj|(U} r = Uk ) — loksl(Ukr — Uk p) } -

Recall that uj = u7(Ur, Ug), pr = p1(Ur, Ur), K(ur —w) = K(up —w)(Ur, Ug)
and a = (U, Ug) are consistent approximations of uy, py, K (ug — u;) and
uy, respectively. In all the sequel, we will set

(’U’I)?-}-l/Q = u; (U7, U?J,—l)a (pl)?.:,q/g =pr(U}, U?—i—l)
(K (ug = w))yy = K(up —w)(U7, Uiy), (80)
(uk)ﬁrl/z = ak(U?a ?—i—l)'

Then, replacing U™ by U"*1/2 | the first component of (43) reads here

(@)% = ()7 + sp {1 ol (1) — (@0)7)

) ) (00)7 = (g | -

,ﬁ—i {(w)?_yz ((a)f = ()i q) + (ur)i1 2 ((1)y ) — (041)?)}

or

n n At n n n,— n
(al)i+1/2 = ()i - Ax {(Ul)ij{/z(Aal)i—UQ + (UI)iJ;l/2(AO‘1)i+1/2} (81)

where we have set for all pair (¢}, o7, ;)

(A@)?H/Q = Vi1 — i (82)
and used the notations

©" =max(p,0), ¢~ =min(p,0).

We thus obtain a natural upwind discretization of the first equation (25).

24



Let us next derive the discrete analogues of the phasic mass, momentum and
energy conservation equations. We set

1
my(Ur,Ug) = > {(arorur)r + (axorur)rR—
—lok,1lak, (o)., — o) — |utl(ow, RO g — Ok, 1.0F. 1)~ (83)

—|okslow r(0k,R — QZ,R)} ;

1
(UL, Ug) = 5 {(arorui)r + (arokui)r—
—lok,1lak, (0 L uk L — Ok, LUkKL)—

*|U?|(0‘k,RQZ,RUZ,R - QL QZ,LUZ,L)*

—|ok3lar,r(0k, RULR — QZ,RUZ,R)} ;
1
wi(Ur,Ug) = 5 {(anorerur)r + (korerur) R—
—low,1low,L(0f, L€k, — ok, LerL)—

- |u?|(ak,RQZ,RUZ,R — QL QZ,LUZ,L)_

—lok,3lok, r(0k, rEK, R — Ql*c,ReZ,R)}
and

(mk)?+1/2 = mk(U:lv U?—i—l)v (qk)?+1/2 = qk(U?a U?—i—l)a

(wk)ﬁrl/z = wk(U:la ?—i—l)a
(86)
(Amk):l = (mk)ﬁrl/z - (mk)?f1/2’ (Aqk)? = (qk)ﬁrl/z - (Qk)?,l/g,

(Awg)} = (wk)?+1/2 - (wk)?—l/T
Then the discrete mass conservation equation for the phase k can be written

n n At n
(awen)i ™ = (anoe)} — (A} (87)

Next, setting
(Aoxpi))} = 3 {(xpi))isr — (oxpi))}}

(pIAak)?—i-l/Q = (pf)?+1/2 (Ao‘k)?ﬂp (88)

n 1 n n
(aka)i+1/2 = ) {(aka)i + (akgk)i-i-l} )
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one can check that the discrete momentum conservation equation reads
n+1/2 n At n n
(akorur); = (anorur)i — 7 {(Aaw)i’ + (Alawpr))i'} +

At At

t5A, {(pIAOék)?_Uz + (pIAOék)?H/Q} t5 {(Oéké'k)?—1/29+

+(ak0k)?+1/29 — (K (ug — Ul))?_1/2 — (K (ug — Ul))?+1/2} :

Similarly, setting in addition
1

(Alarpeur))i’ = 5 {(arprur)) iy — (arprur))iq }

(pIUIAQk)?_H/Q = (pf)?-l,-l/Q (UI)?J,-l/Q (Aak)?+1/2

(UIK(uk - ul))?+1/2 = (uf)?+1/2 (K(uk - ul))?—i—l/Qa
the discrete energy conservation equation takes the form

n+1/2 n At n n

(anower); " = (awonen)i — o {(Aww)i’ + (Alarprur))i'} +

At

t3A0 {(pIUIAOék)?_UQ + (pIUIAozk)?H/Q} +

At " "
+5 {(Oék@kuk)iq/zg + (o Ok Uk )41 /29—

—(urK (g — )y g — (urK (g, — ul));;m} .

5.2 The second step: U"tY/2 — yntt

(91)

In order to define the solution U™ = (U?‘H)Z— at time t"T1, we propose to
simply calculate an approximate value at time At of the vector U obtained from
(32). To do so, each integral is approximated using a rectangle formula, leading

to
(ﬁ—;l)”“ _ (1ie_1al)n+1/2 eXp(é_:(;TZ)nH/z)
(akor)™ 1t = (aror)" Y2,
(o orur)" Tt = (o opur)" /2,

(p1—p2)" ! = (p1 — p2)" TP exp (= AtO"T/2(A) — Ay)"T1/2),

O Ay
Pk

(p1p2)" ! = (p1p2)™ /% exp ((— At( Z ) H1/2),

k=1

(Pk — Dl

Again, we refer the reader to [21] for more details.
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6 Properties of the scheme and open problems

Our objective in this section is first to check that if we choose Cj 1 and Cy r
large enough, we ensure on the one hand that the waves of the approximate Rie-
mann solver are properly ordered, and on the other hand that the intermediate
densities Q;; I Q;; r and therefore the densities o}’ are positive. For the sake of
simplicity, we will assume here

Ck,L = Ck,R = Ca k= 1) 23 (93)

but the analysis can be easily extended to the general case. Note that in practice,
we took for all cell ¢

(Cr)i = (1 + e)max ((prcr)i-1, (prcr)i, (prer)iv1), k=1,2,

with e varying between 0.01 and 0.1 depending on the numerical test cases.
We then perform an asymptotic analysis as C' tends to +o0o. We begin by
studying the behavior of jx, & = 1,2. As a consequence of (68) and (71), we
find that j; is solution of

{x(@1)a(o2,3 —02,1) + (1 = x)(2)al01,3 — 01,1)} J1 =
= (1 —x){2C ((az)a(crur)a — (1)a(2us)a) +

+(a1)a(Aazpz) — priaz) — (a2)a(Aa1p1) — priar)+

+Az((K (ug —u1)a + ((2)a(@101)a — (1)a(202)a)9)} -

Since by (51)

1 1 1
Uk73—0k71=Auk+C(—+—)20{2(—) +0
Ok,L Ok,R Ok /),

we obtain
o (£), - (2), 0 2))

= (1= ) ((a2)al@1tn)a — (@1)a(a2u2)a) + O (g)

and therefore

Next, using (70), we get

u; = (i)aﬁ + (é)ab + (1 u1)q + (@2u2)q + O (5) =0(1).

Hence we have for C' large enough

¢ C
op1=———+0(1) <uj=0(1) <opz=—+0(1), k=12
Ok, L Ok,R
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so that the waves are indeed well ordered. On the other hand, (60) gives

1 L L L L1 )
—— =—+ Uy —ukr), —— =—— =(upr— UkR)
or,  okr CFF orn orr C P

Together with (73), this yields

1 1 ] ;= 1 1
1 (1 L +ak,LQk,L(U]‘ Uk,L)) _ (1 Lo (_)) ’
OrL  OkL Cak,r — jr Ok, I C

*1 _ 1 (1 Uk JrOék,RQk,R(U?* uk,R)) _ 1 (1 4O (l))
Ohr  OkR Cap,r + jr Ok,R C

which proves the positivity of g} ; and g}, p again for C large enough.

We can also state obvious properties satisfied by the numerical scheme. First,
the void fractions (o) necessarily remain in the expected interval [0, 1] since
they are simply transported by the approximate Riemann solver. Then, the
stationary coupling waves between the two phases, that is the ones associated
with velocity uy, are natural solutions of the approximate Riemann solver when
the sources are neglected. Thus, they are exactly captured by the numerical
scheme. Of course, non stationary coupling waves are also natural solutions of
the approximate Riemann solver but as usual are not exactly captured by the
scheme due to the averaging procedures inherent to the method. At last, let
us mention than the numerical scheme is by construction conservative on the
partial mass axpr, kK = 1,2, on the total momentum oy piur + aopous and on
the total energy a1p1E1 + aspaFo.

It would be also interesting to prove the positivity of the specific internal en-
ergies (ex)7, and the validity of a discrete entropy inequality related to (17).
These issues remain open problems at the moment. Let us mention however
that similarly to the continuous level, we suspect that a relevant definition of

pr (here given by (78)-(79)) could yield the expected entropy inequality.

At last, the asymptotic-preserving property of the scheme which has motivated
the whole numerical strategy and in particular the upwind treatment of the
sources including them in the definition of the approximate Riemann solver (see
again [10] for a very similar approach which turned out to be successfull in a
simplified context), has not been proved theoretically. However, we will observe
in the next section devoted to the numerical experiments that we can actually
recover a pretty good approximation of the asymptotic drift velocity (24).

7 Numerical results

We propose in this section various test cases in order to assess the proposed
algorithm. We begin by considering Riemann problems, for which exact solu-
tions are available, and compare the numerical results with the ones provided by
alternate methods available in the literature. More precisely, we will consider
the HLL-type method proposed by Saurel & Abgrall [37], the strategy presented
by Andrianov, Saurel & Warnacke [4], the VFRoe scheme derived by Gallouét,
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Hérard & Seguin [21], and at last the Godunov scheme of Schwendeman, Wahle
& Kapila [40]. Note from now on that the comparison will be based on simula-
tions and pictures proposed in these papers only.

We will then go on considering more typical two-phase flow simulations, namely
the Ransom water faucet problem, the sedimentation test case, a desequilibrium
in velocities test case, and at last a vertical bubbly column. These simulations
involve non zero source terms which allows to assess our numerical upwind strat-
egy for the external and drag forces. In particular, in the last test case, a specific
attention will be paid to the (numerical) asymptotic preserving property of the
scheme.

Except otherwise stated, all our simulations are performed on the interval [0, 1]
and the (possible) Riemann initial discontinuity is always located at point
x = 0.5. Our numerical scheme will be referred to as Godunov-type scheme
in the following pictures.

7.1 Riemann problems

We consider in this part a Riemann initial data

UL if z<0,
U(wao):UO(x):{ U]Lg if >0

where for the sake of clarity, the initial states Uy, and Upg will be defined from
the following set of initial values in primitive variables : «aj, pg, ug and pg,
k = 1,2. Regarding the closure laws, we take just for simplicity the classical
ideal gas equation of state

Pr = (,Yk - 1)pk€ka k= 1725
with y =91 = v =1.4.

7.1.1 Test 1 : isolated coupling wave

In the first two simulations, we consider the simple situation of an isolated
coupling wave propagating with velocity w;. The first simulation (Test la) is
taken from [21] and corresponds to the choice x = 0.5, that is

Q1p1u1 + 2Pz

ur =
a1p1 + Qops

We choose

a1, =09, (p1,u1,p1)r = (1,100, 10°) (p2,u2,p2) 1, = (1,100, 105)
a1 R = 0.5, (pl, ul,pl)R = (0.125, 100, 105) (pg, ’U,g,pg)R = (0.125, 100, 105).

Solutions are presented on Fig. 1 and the results are compared with the ones
given by the VFRoe scheme [21]. We note that both schemes preserve the
constant velocities and pressures by construction, and present exactly the same
numerical diffusion. Fig. 2 shows the solutions provided by our scheme on
several meshes.

The second simulation (Test 1b) still corresponds to an isolated coupling wave,
but now associated with the choice x = 1, leading to u; = u;. Initial conditions
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Figure 1: Comparison between exact and numerical solutions of Test 1la at time
t = 3 and for a 1000-point mesh. From the top to the bottom right : x versus

ay, P1, P2, U1, U2, P1, P2
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Figure 2: Comparison between exact and numerical solutions of Test 1la at time
t = 3 and for several mesh sizes. From the top to the bottom right : x versus
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are taken from [5] and given by

aq. 1, = 087 (plvulvpl)L = (27 037 5) (p25 Ug,pQ)L = (15 27 1)
arr =03, (pr,ur,pi)r = (2,0.3,12.8567) (p2,usz,p2)r = (0.1941,2.8011,0.1).

We note that the pressures and velocity uy are not taken to be equal anymore.
Solutions are presented on Fig. 3. We observe that the results are in good
agreement with the exact solutions. They also compare very well with the
ones given in [5].The right state of the coupling wave, in particular for the us
component, agrees well with the exact value. The small amplitude oscillations
observed on p; and uy are classical and due to the initial pressures and velocity
ug desequilibrium. Fig. 4 shows the numerical solutions obtained with several
mesh sizes.

7.1.2 Test 2 : a general Riemann problem

As a general Riemann problem, we consider here a test case taken from [40] for
which the exact solution is known (see Table 1, page 499) and comparisons with
other methods from the literature are available.

Initial conditions are such that the mixture is at rest and presents a (negative)
jump in the volume fraction «;. The density p; and pressure p; are equal on
each side of the initial discontinuity. More precisely, the initial states Uy, r are
calculated from the following values in primitive variables :

a1, = 085 (plaulapl)L = (1507 1) (p2,U2,p2)L = (0 .
Q1R = 037 (plaulapl)R = (1705 1) (p2;u27p2)L = (1507 )

leading to an exact solution made of a combination of shock, contact discontinu-
ity and rarefaction waves, in addition to the expected coupling wave associated
with u; = u1. All the solutions are plotted at time t = 0.2.

We first give on Fig. 5 the results obtained by our algorithm with a mesh com-
posed of 200, 400 and 800 cells and compare the numerical and exact solutions.
We observe that the phase 2 presents a good agreement while the phase 1 suffers
from overshoots and undershoots at the extremes waves. However, we note that
the void fraction, and more generally the coupling wave, is very well computed
in the sense that the left and right states associated with u;-discontinuity agree
with the exact values. In order to illustrate this good property, we proceed as
in [40] and compare on Fig. 6 the behavior of the numerical solutions close to
the coupling wave with that determined by the exact jump conditions across
this wave. These are provided by the five uz-Riemann invariants, given in this
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Figure 3: Comparison between exact and numerical solutions of Test 1b at time
t = 0.1 and for a 300-point mesh. From the top to the bottom right : x versus
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Figure 4: Comparison between exact and numerical solutions of Test 1b at time
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case by (see again [40]) :
KO =Uury = uy
K1 =(1—oa)p2(uz — ur)

Ky = (1—oq)pa(uz — ur)® + capr + (1 — a1)p2

P2 1 2
Ky = —""— 4 —(ug — uy)
(y=1)p2 2
b2
Ky ==,
3

For o varying from aq,r, to oy g, these equations provide a parametrization of
the exact (vanishingly thin) layer of the u; coupling wave. This one is compared
with the numerical layer induced by the numerical diffusion of the scheme. Note
that the five constants K;, ¢ = 0,...,4 are calculated using the exact value of
the right state corresponding to a; = oy, g as given in [40]. As expected, Fig. 6
shows a good agreement between exact and numerical layers.

We now compare our numerical solutions on Fig. 7 with the ones proposed by
Saurel and Abgrall [37] (referred to as Grrr), by Andrianov et al. [4] (referred
to as Gasw) and by Schwendeman et al. [40] (referred to as Gi) on Fig.
8. Notice that the latter one corresponds to an exact Godunov method (i.e.
based on the exact resolution of the Riemann problem) and is thus expected
to be the most precise. This is actually the case, we indeed observe that with
this method, all the intermediate states are perfectly computed and that the
solutions do not present any odd behavior next to the acoustic waves. As far
as the other methods are concerned, we first observe that the G method
proposed by Saurel and Abgrall [37] is the most diffusive on this test case. The
G asw method of Andrianov et al. [4] is less diffusive but does not provide us
with a very good approximation of the constant states of the u; coupling wave.
On the contrary, we can observe that our approach behaves very well in the
vicinity of this coupling wave (while still presenting overshoots and undershoots
next to the extreme waves of the solution). In particular, the left and right
states of the uj-contact wave appears to be better evaluated.

7.1.3 Test 3 : a general Riemann problem with several values of x

To concude this first batch of test cases, let us emphasize that our algorithm al-
lows by construction to deal with several values of the interfacial velocity u; and
pressure py, depending on the underlying modelling assumptions. In particular,
we have seen that admissible values for the couple (ur, pr) may be parametrized
by the parameter y € [0, 1]. We propose now to take advantage of this flexibility
of our algorithm to compare the solutions obtained for several values of x. The
Riemann initial data is the same as for Test 2. So far, we dealt with x = 1 for
the sake of comparison with the results presented in [37], [4], [40]. We now also
consider the natural values y = 0 and y = 0.5. The results are presented on
Fig. 9. We observe in particular that the values x = 0 and x = 0.5 now present
an even behavior in the vicinity of the acoustic waves (unlike the value x = 1).

35



200 p1s T —
a00pis —— i—
80pis 800 pis

exact exact
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Figure 6: Behaviour of p1, p2, us, p2 (from the top left to the bottom right)
versus « through the u; contact layer at time ¢ = 0.2 and for Test 2
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Figure 7: Behaviour of a1 (z), p1(a1), p1(z), p2(x) at time ¢ = 0.2 and for Test
2
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Above all, we note that the three solutions are actually different, highlighting
the importance of having a scheme capable of dealing with various values of x.

Remark: We have not been able to pass the latter test case with the VFRoe
scheme proposed in [21], probably due to the lack of positivity properties of the
VFRoe approach. On the contrary, let us mention that unlike our approach the
VFRoe scheme turns out to be able to compute solutions involving the resonance
phenomenon, see Test 2 in [21]. Recall indeed that we have assumed here from
the beginning that the waves are ordered such that the acoustic waves propagate
faster. More generally, if we consider Riemann initial data such that both our
approach and the VFRoe scheme succeed in computing an approximate solu-
tion, we observed a good agreement between them. It is worth noticing however
that the numerical diffusion turned out to be equivalent for both scheme across
the coupling wave (as observed in Test la above) and the acoustic waves, but
a little less important for the VFRoe scheme across the contact discontinuities
associated with u; an uy. This is clearly expected since these contact discon-
tinuities are not present in our approximate Riemann solver. These numerical
results are not reported here.

7.2 Influence of the source terms

Let us now take into account the source terms effects in our simulations. We
begin this section with the well-known Ransom faucet and sedimentation prob-
lems where only the external forces (namely the gravity) and the relaxation
pressure term in the void fraction equation are accounted for. The next simula-
tion considers only the interfacial drag force and the relaxation pressure term.
The fourth one involves both the external and drag forces and the relaxation
pressure term, and focus on the asymptotic behavior of the model under con-
sideration when the underlying relaxation times are small.

We consider again just for simplicity the classical ideal gas equation of state

Pe = (’WC - 1)pk€ka k = 1325

but now with v; = 1.0005 and s = 1.4.
In order to define the interfacial velocity and pressure, we take xy = 0.5.
As far as the relaxation pressure term is concerned, we take

1 041(1 — 041)

Kp(U) =
P( ) Tp P1+D2

(p1 — p2),

where the relaxation time 7, has to be specified.

At last, the forthcoming test cases involves boundary conditions at the end
points Tpin and Tpqq of the domain (2, = 0 and 4, = 1 except otherwise
stated). Regarding the numerical treatment of these boundary conditions, we
have used two classical fictitious states we call here U,,;,, and U,,,4,. They will
be precised for each test case.

7.2.1 Test 4 : the Ransom water faucet problem

This test case is a very classical benchmark test [35]. The configuration cor-
responds to a 12m long vertical tube (i, = 0 and @0, = 12). The initial
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Figure 9: Comparison between numerical solutions of Test 3 at time ¢t = 0.2 and
for several values of xy. The mesh is made of 400 points. From the top to the
bottom right : x versus oy, p1, p2, u1, U2, P1, P2
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condition conists of a uniform column of water (indexed by 1) in the air (in-
dexed by 2). The void fraction is such that «; = 0.8. The velocities u; and us
are also uniform and respectively equal to 10m/s and Om/s. All the pressures
are set to be equal to 10°Pa . Initial densities are such that p; = 103kg/m3
and py = 1kg/m3. Since the constant gravity field g = 9.81m/s? is taken into
account, the flow is driven by the boundary conditions given by «1(0,¢) = 0.8,
u1(0,t) = 10m/s, uz(0,t) = 0m/s, p1(0,t) = 103kg/m3, p2(0,t) = 1kg/m?> and
p1(12,t) = p2(12,t) = 10°Pa. From a numerical point of view, the fictitious
states are such that

a1, min = 0.8, (Plaulapl)min = (103, 10, 105)’ (an u2ap2)min = (L 0, 105)

and
P1,maz = P2,max = 105

Classical Neumann numerical boundary conditions are applied to define

Q1 max, (plvul)mazv (P2, u?)maz

(the values are taken from inside the domain). At last, the time scale is
7, =5 107%s in the pressure relaxation term.

The numerical results are plotted on Fig. 10 and compared with the ones given
by the VFRoe scheme proposed in [21]. Solutions are very similar. On Fig. 11
are superimposed the results obtained with our scheme for various mesh sizes.
We note in particular that an usual problem encountered when dealing with a
two-fluid one-pressure model is related to the presence of complex wave speeds
when the mesh size becomes too small (approximatively more than 1000 cells,
see [21]) and the appearance of negative volume fractions. Here, the two-fluid
two-pressure model under consideration is always (possibly weakly) hyperbolic.
The finest mesh we have considered here is made of 20000 cells and did not raise
any difficulty.

7.2.2 Test 5 : the sedimentation test case

Again, this test case is a classical benchmark test for the simulation of two-
phase flows [12]. The configuration corresponds to a 7.5m long vertical tube,
that is Zmin = 0 and 2,42 = 7.5. The initial condition conists of a uniform
mixture of liquid (indexed by 1) and gas (indexed by 2) such that a; = 0.5.
The initial velocities u; and usy are equal to 0m/s, and both pressures are equal
with p; = ps = 10°Pa. Initial densities are such that p; = 103kg/m? and
p2 = lkg/m3. The domain is closed, meaning that classical rigid wall bound-
ary conditions are imposed at the boundaries : ug(Zmin,t) = wr(Tmaz,t) = 0,
k =1,2. Since the constant gravity field g = 9.81m/s? is present, both phases
separate and the solution at time t = 400 is made of a two regions of pure
liquid (at the bottom of the tube, aj(@maz, +00) = 1) and gas (at the top of
the tube, a (€ min, +00) = 0). From a numerical point of view and as it is usual,
the fictitious states are obtained from classical numerical Neumann boundary
conditions applied to the primitive variables, except for the velocities uy, pin and
Uk, maz that are classically given the opposite values of the velocities u;, coming
from inside the domain (k = 1,2).

At last, let us mention that in order to avoid natural numerical instabilities due
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to phase vanishing, we have modified in our code, at each time iteration, the
updated values of both velocities u; and us and set them to uy = us = 0 as
soon as either ay or ay is less than a threshold 7. Hereafter, n = 107°.

On Fig. 12, we give the numerical profile of the void fraction «; at differ-
ent intermediate times and for a mesh made of 400 cells. The time scale is
taken to be 7, = 510735 in the pressure relaxation term. We observe that
the solutions at times ¢ = 1.2 and ¢ = 1.4 are identical so that the stationary
profile of a1 seems to be reached. We also note that the final void fraction
discontinuity is not located at the middle point z = 3.75 of the domain due to
the compressibility effects.

On Fig. 13, we plot the solution obtained with 7, = 5 10~%*s and a 4000-cell
mesh. The pressure relaxation time is thus faster and the mesh finer (the latter
turned out to be necessary to get the numerical stability of the algorithm). We
observe that the stationary profile appears to be attained more quickly.

08| ; 1

06 - : i i 1

0 1 2 3 4 5 6

Figure 12: Numerical profile of the void fraction a; : 7, =5 10735 and 400 cells

08 : ; ? 1

06 | B

Figure 13: Numerical profile of the void fraction a; : 7, = 5 10~%s and 4000
cells
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7.2.3 Test 6 : velocities desequilibrium

This test case corresponds to the evolution of a two-phse flow in a duct of
uniform section and 1m length. In this case, the external forces are assumed to
be negligeable but we consider now a non zero interfacial drag force given by

1 )
K(U) = gC’Damtpﬂul — Ug|. (94)

In this formula, the coefficients

. 3(1 —
Cp =05 a™= w, = 2.5 1074, (95)
Tp
represent a drag coefficient, an interfacial area and a mean bubbles radius re-
spectively. Then, index 1 (resp. 2) is sort of a liquid (resp. vapor) phase.
The pressure relaxation time is taken to be 7, = 0.5 107>,

Theoretical boundary conditions are such that at the inlet x,,;, = 0 we im-
pose a non zero relative velocity such that u; = 1m/s and us = 1.5m/s, the
void fraction a; = 0.8 and the density values p; = 10%kg/m? and py = 1kg/m?>.
At the outlet x4, = 1 , we only impose the pressures p; = ps = 101300Pa.
From a numerical point of view, the fictitious states are such that

1 min = 0.8, (p1,U1)min = (10%,1),  (p2,u2)min = (1,1.5)

and
P1,max = P2,mazx = 101300.

Classical Neumann numerical boundary conditions are applied to define the oth-
ers quantities.

Initial conditions are taken to be uniform in the computational domain and
such that u; = us = 0, the others variable been chosen in agreement with the
boundary conditions.

Our objective here is to test the ability of the method to compute the sta-
tionary solution associated with such a stiff source terms problem. First, due
to the interfacial drag force, the relative velocity u, = us — w1 is expected to
tend to zero very fast along the pipe (see [31]). Then, due to the relaxation
pressure term, the relative pressure p, = pa — p1 is expected to tend to zero as
well. From the void fraction evolution equation, a; is thus expected to become
constant very fast along the pipe, as well as the pressures p; and po (recall that
the gravity field is not present here). From the mass and momentum equations,
we easily see that the same happens for the densities and the partial velocities.
We plot on Fig. 14 and 15 the stationary profiles given by a 2000-point mesh.
We can observe that they are in good agreement with the expected behavior.

7.2.4 Test 7 : vertical bubbly column

This test case corresponds to the evolution of a two-phase flow in a vertical
column of 1m length. In this case, both the gravity ¢ = —9.81m/s? and a
non zero interfacial drag force are considered. The latter is given by the same
formula as in the previous test case. In the pressure relaxation source term, the
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Figure 14: Stationary solution of Test 6. From the top to the bottom right : x
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A

Figure 15: Stationary solution of Test 6. Close-up. From the left to the right :
X VErsus p, = Py — P1, Up = Uz — Uq

relaxation time is taken to be 7, = 1.107%.

Theoretical boundary conditions are such that at the inlet z,,;, = 0, we impose
a non zero relative velocity such that u; = 5m/s and us = 15m/s, the void
fraction a3 = 0.97, the density values p; = 103kg/m? and ps = 1kg/m?3, and
the mixture pressure p = 155 10°Pa. At the outlet 2,,,, = 1 , we only impose
the mixture pressure p = 150 10° Pa.

From a numerical point of view, the fictitious states are such that

al,min = 0977 (plaulapl)min = (103755 155 105)7 (p27u27p2)min == (15 157 150 105)

and
P1,max = P2,mazx = 150 105

Classical Neumann numerical boundary conditions are applied to define the oth-
ers quantities.

Initial conditions are taken to be uniform in the computational domain and in
agreement with the inlet boundary conditions for all the variables except the
pressures that are defined from the oulet boundary values.

We plot on Fig. 16 the stationary profiles given by a 400-point mesh. Our
objective here is to assess the capability of our algorithm to restore at the nu-
merical level a specific asymptotic behavior of the solutions of the two-pressure
diphasic model under consideration in this paper. More precisely, it is recalled
in section 2.3 that if the time scales of the pressure relaxation and drag force
source terms involved in the model are much smaller than the other charac-
teristic time scales of the system, and provided that we have a balance of the
gradient of pressure with the external forces, which writes here

Ozp = —pg, p=oaap1+aap2, p=ip1+ azp2,

then the solutions behave like the solutions of a drift-flux model. Such a model
is governed by conservation laws on mixture density, mixture momentum, mix-
ture total energy and mass fraction of one of the two phases, and involves a
closure law on the relative velocity u, = us — u3. From (24), (94) and (95) the
corresponding drift law is

1.
gCDathﬂurWr = aaz(p2 — p1)g.
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Note that in the present test case, we have u; < ug and py << p; . We
then easily get u, > 0, so that taking into account the values of the different
coefficients,

(recall that g < 0).
We can observe on Fig. 17 that this asymptotic drift law is numerically satisfied,

as well as the expected balance between the gradient of pressure and the gravity
field.
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